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1 Let L be the length of the contour C. Given z ∈ Ω, define r = minw∈C |z − w| to be the

distance between the point z and the contour C. Then for any ∆z with |∆z| < r/2, we have

|s− (z + ∆z)| ≥ |s− z| − |∆z| ≥ r/2. Note that

1

∆z

(∫
C

f(s)

s− (z + ∆z)
ds−

∫
C

f(s)

s− z
ds

)
=

∫
C

f(s)

(s− z)(s− (z + ∆z))
ds

Since f(s) is a continuous function, M = maxs∈Ω̄ f(s) exists. From this we have∣∣∣∣ 1

∆z

(∫
C

f(s)

s− (z + ∆z)
ds−

∫
C

f(s)

s− z
ds

)
−
∫
C

f(s)

(s− z)2
ds

∣∣∣∣
=

∣∣∣∣∫
C

f(s)

(s− z)(s− (z + ∆z))
ds−

∫
C

f(s)

(s− z)2
ds

∣∣∣∣
=

∣∣∣∣∫
C

f(s)∆z

(s− z)2(s− (z + ∆z))
ds

∣∣∣∣
≤
∣∣∣∣L× M

r2(r/2)
∆z

∣∣∣∣ ∆z→0−−−−→ 0

This gives the desired result.

2 Define a function g(z) = exp(f(z)). Since f(z) is entire, g(z) is also entire. Furthermore,

|g(z)| = eRe(f(z)) ≤ eu0

Hence g(z) is an entire and bounded function. By Liouville’s theorem, g(z) must be constant.

Since f(z) is continuous and g(z) is a constant function, we must have f(z) = constant.

3 Since f(z) is entire, we have f(z) =

∞∑
n=0

anz
n, where an =

∫
|z|=r

f(s)

sn+1
ds and r is arbitrary positive

real number. In particular, since |f(z)| ≤M |z|, for n ≥ 2 we have

an =

∫
|z|=r

f(s)

sn+1
ds ≤ length of the contour× Mr

rn+1
= 2πr

Mr

rn+1
=

2πM

rn−1

r→∞−−−→ 0

Hence we have an = 0 for n ≥ 2 and f(z) = a0+a1z. Since |f(z)| ≤M |z|, |a0| = |f(0)| ≤M(0) = 0.

So we have f(z) = a1z for some a1 ∈ C.

4 First, by Cauchy Integral formula, we have∫
|z|=1

eaz

z
dz = 2πi(ea(0)) = 2πi

On the other hand,∫
|z|=1

eaz

z
dz =

∫ π

−π

eae
iθ

eiθ
ieiθdθ = i

∫ π

−π
ea cos θ+ai sin θdθ = i

∫ π

−π
ea cos θ(cos(a sin θ)+ i sin(a sin θ))dθ

1



This implies

2πi =

∫
|z|=1

eaz

z
dz = −

∫ π

−π
ea cos θ sin(a sin θ)dθ + i

∫ π

−π
ea cos θ cos(a sin θ)dθ

By comparing the imaginary parts on both sides, we have∫ π

−π
ea cos θ cos(a sin θ)dθ = 2π

Since ∫ 0

−π
ea cos θ cos(a sin θ)dθ =

∫ 0

π

ea cos(−θ) cos(a sin(−θ))d(−θ)

=

∫ π

0

ea cos θ cos(a sin θ)dθ,

we have ∫ π

0

ea cos θ cos(a sin θ)dθ = π

5 Cauchy Integral formula states that for n = 0, 1, 2, . . . , we have

f (n)(z) =
n!

2πi

∫
|s|=R

f(s)

(s− z)n+1
ds

By the analyticity of the integrand, we also have

f (n)(z) =
n!

2πi

∫
|s|=R

f(s)

(s− z)n+1
ds =

n!

2πi

∫
|s−z|=R−|z|

f(s)

(s− z)n+1
ds

Therefore we have

|f (n)(z)| =

∣∣∣∣∣ n!

2πi

∫
|s−z|=R−|z|

f(s)

(s− z)n+1
ds

∣∣∣∣∣ ≤ 2π(R− |z|)× n!

2π

M

(R− |z|)n+1
=

n!M

(R− |z|)n

6 Note that since the function 1+z
1−z is not well-defined at z = 1, f is not analytic at z 6= 1. Further-

more, for z 6= 1,

1 + z

1− z
= −r, where r ≥ 0

⇐⇒ 1 + z = −r + rz

⇐⇒ z =
r + 1

r − 1
= 1 +

2

r − 1

⇐⇒ z ∈ (−∞,−1] ∪ (1,∞)

This implies that the function tanh−1(z) is analytic on C\{z ∈ C : z = x ∈ (−∞,−1] ∪ [1,∞)}.

7 (a)

f(z) =
1

(z − 1)(z − 2)

=
1

1− z
− 1

2

1

1− z
2

=

∞∑
n=0

zn − 1

2

∞∑
n=0

zn

2n

=

∞∑
n=0

(1− 1

2n+1
)zn
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(b)

f(z) =
1

(z − 1)(z − 2)

=
1

1− z
− 1

2

1

1− z
2

=− 1

z

(
1

1− 1
z

)
− 1

2

(
1

1− z
2

)
=− 1

z

∞∑
n=0

1

zn
− 1

2

∞∑
n=0

zn

2n

=−
∞∑
n=0

1

zn+1
−
∞∑
n=0

zn

2n+1

(c)

f(z) =
1

(z − 1)(z − 2)

=− 1

z

(
1

1− 1
z

)
+

1

z

(
1

1− 2
z

)
=− 1

z

∞∑
n=0

1

zn
+

1

z

∞∑
n=0

2n

zn

=

∞∑
n=0

2n − 1

zn+1

=

∞∑
n=1

2n − 1

zn+1
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